Transonic accretion onto astrophysical objects is a unique example of analogue black hole realized in nature. In the framework of acoustic geometry we study axially symmetric accretion and wind of a rotating astrophysical black hole or of a neutron star assuming isentropic flow of a fluid described by a polytropic equation of state. In particular we analyze the causal structure of multitransonic configurations with two sonic points and a shock. Retarded and advanced null curves clearly demonstrate the presence of the acoustic black hole at regular sonic points and of the white hole at the shock. We calculate the analogue surface gravity and the Hawking temperature for the inner and the outer acoustic horizons.
Introduction
Analogue gravity has gained a lot of popularity in the last few years [1] (for a recent review and a comprehensive list of references, see [2] ) for two obvious reasons: First, it provides a laboratory for testing some exotic effects of general relativity, such as black holes, wormholes, warped space-time, etc. Second, since the scale of analogue gravity is not fixed by the Planck length, there is hope that quantum gravity effects, which normally are important beyond the Planck scale only, may be seen on larger length scales.
A particular example of analogue gravity is acoustic geometry in which an inhomogeneous fluid flow provides a curved space-time background for the propagation of sound waves. The most appealing aspect of acoustic geometry is a relatively easy way to construct an acoustic horizon which is an analogue of the black hole horizon in general relativity. In this way a number of interesting features which normally are extremely difficult to observe in astrophysical black holes, can be studied using an acoustic analogue of the black hole built in the laboratory.
In all papers dealing with acoustic geometry the flows with desired properties are artificially constructed. So far, these constructions have been only hypothetical since the necessary conditions for the actual observation of the horizon and the measurements of the corresponding analogue Hawking temperature are still difficult to realize in the laboratory.
Transonic accretion onto astrophysical black holes is a unique example of analogue gravity realized in nature [3, 4] . Spherical accretion was first studied in terms of relativistic acoustic metric by Moncrief [5] . Recently, several aspects of analogue horizon radiation have been investigated for a spherically symmetric general relativistic [3] and post-Newtonian [6] accretion flow. In this paper we study acoustic geometry of an axially symmetric accretion disk round a rotating astrophysical black hole or round a neutron star. To study acoustic geometry in most simple terms, we assume isentropic accretion of the fluid described by a polytropic equation of state. Compared with a spherically symmetric flow, an axially symmetric flow exhibits a more complex structure, which differs from the spherically symmetric flow in two aspects. First, in axially symmetric accretion the acoustic horizon and the stationary limit surface generally do not coincide and second, multitransonic configurations with more than one acoustic horizons are possible.
In section 2 we outline the basic relativistic hydrodynamics necessary for the study of accretion in terms of acoustic geometry. In section 3 we describe the relativistic equations governing the accretion flow. In section 4 we discuss the formation of a standing shock and acoustic horizons at sonic points and in section 5 we study the acoustic causal structure of multitransonic accretion and wind. Section 6 is devoted to a calculation of the analogue surface gravity. Finally, we conclude the paper with section 7.
Preliminaries
For the sake of completeness and consistency of the paper, as a starting point we review some well-known basic results in relativistic hydrodynamics and acoustics. We restrict attention to a stationary gravitating isentropic fluid in a stationary background metric g µν . We work in units c =h = G N = k B = 1 and use the convention of positive-time-negative-space metric signature.
Relativistic kinematics of the flow
Let u µ denote the 4-velocity field, i.e., the unit vector field tangent to the flow streamlines. In general, a 4-velocity can be expressed in terms of the 3-velocity components [7, 8] 
with the induced three-dimensional spatial metric
and the Lorentz factor
Given a timelike hypersurface Σ with its normal n µ , n µ n µ = −1, the 4-velocity may be decomposed into normal and tangential components with respect to Σ:
where
Next, we require that the metric and the flow be axially symmetric. Using the notation v 1 ≡ v r , v 2 ≡ v φ and v 3 ≡ v z = 0, the 4-velocity is given by
Then, the 3-velocity squared may be written as
(2.10)
For a hypersurface of constant v defined by its normal
the decomposition (2.5) yields
Acoustic geometry
The acoustic metric tensor and its inverse are defined by [5, 8] 13) where n is the particle number, w = (ρ + p)/n the specific enthalpy of the fluid and c s the speed of sound. In analogy to the event horizon in general relativity, the acoustic horizon may be defined as a time-like hypersurface whose normal n µ is null with respect to the acoustic metric, i.e., G µν n µ n ν = 0. (2.14)
Equivalently, we may define the acoustic horizon as a hypersurface defined by the equation
It may be easily shown that, for an axially symmetric flow, the metric discriminant
vanishes at the acoustic horizon. In analogy to the Kerr black hole we may also define the acoustic ergo region as a region in space-time where the stationary Killing vector ξ becomes space-like. The magnitude of ξ µ , defined with respect to the acoustic metric, is given by
This becomes negative when the magnitude of the flow velocity v exceeds the speed of sound c s . The boundary of the ergo-region defined by the equation
is a hypersurface called stationary limit surface [9] . Equivalently, the stationary limit surface may be defined as a hypersurface at which
In the following sections we often use the terms subsonic, supersonic and transonic. These notions in relativistic hydrodynamics make sense only with respect to a specified frame of reference. For example, a flow which is supersonic with respect to an observer at rest is subsonic with respect to a comoving observer. In an axially symmetric flow it is convenient to use the corotating frame of reference, i.e., the frame in which v φ vanishes, to define a locally subsonic or supersonic flow in the following way: the flow at a radial distance r is said to be subsonic or supersonic if v(r) < c s (r) or v(r) > c s (r), respectively. It may be shown that the above definition is consistent with another definition valid in any other reference frame that preserves temporal and axial isometry: the axisymmetric flow is said to be locally subsonic or supersonic if v ⊥ (r) < c s (r) or v ⊥ (r) > c s (r), respectively. Alternatively, as we demonstrate in section 3, we may use equation (2.16) to define a flow with D > 0 as subsonic and with D < 0 as supersonic. Finally, a flow is said to be transonic if a transition from a subsonic to a supersonic flow region, or vice versa, takes place. The point of transition is called the sonic point if the transition is continuous. A discontinuous supersonic to subsonic transition is called shock.
Conservation laws
Our basic equations are the continuity equation 
Equations (2.26)-(2.28) are referred to as the relativistic Rankine-Hugoniot equations [11] .
Constants of motion
Proposition 1 Let χ µ be a Killing vector field and let the flow be isentropic and symmetric under the isometry transformation. Then the quantity wχ µ u µ is constant along the stream line.
Proof: Multiplying the Euler equation (2.22) by χ µ we obtain
The second term in (2.29) vanishes by Killing's equation and the last term vanishes by symmetry. Hence
as was to be proved. 2
Remark Since the acoustic metric G µν has the same isometry as g µν , a Killing vector χ µ is also Killing with respect to the acoustic metric.
Polytropic gas
Consider a gas of particles of mass m described by the polytropic equation of state
where K is a constant which, as we shall shortly see, is related to the specific entropy of the gas. Using this equation and the thermodynamic identity dw = T d s n + 1 n dp, (2.32) the energy density ρ and the entropy density s may also be expressed in terms of n. For an isentropic flow, it follows
For an adiabatic process, the entropy density is proportional to the particle number density, i.e., s = σn. Without further assumptions, the entropy density per particle σ is an undetermined constant. If, in addition to (2.31), the Clapeyron equation for an ideal gas holds p = nT, (2.34) and assuming that γ is temperature independent, then the entropy per particle is given by [12] 
where ζ is a constant that depends only on the chemical composition of the gas. Hence, the quantity K measures the specific entropy. It is convenient to express all relevant thermodynamic quantities in terms of the adiabatic speed of sound defined by
(2.37)
(2.40) 6 
Accretion disk
For a flow of matter with a non-zero angular momentum density, spherical symmetry is broken and accretion phenomena are studied employing an axisymmetric configuration. Accreting matter is thrown into circular orbits, leading to the formation of accretion disks around astrophysical black holes or neutron stars. The pioneering contribution to study the properties of general relativistic accretion disks is attributed to two classic papers by Bardeen, Press and Teukolsky [13] and Novikov and Thorne [14] .
If the accreting material is assumed to be at rest far from the accreting black hole, the flow must exhibit transonic behaviour since the velocity of fluid particles necessarily approaches the speed of light as they approach the black-hole event horizon. For certain values of the intrinsic angular momentum density of the accreting material, the number of sonic points, unlike in spherical accretion, may exceed one, and accretion is called multi-transonic. Study of such multi-transonic flows was initiated by Abramowicz and Zurek [15] . Subsequently, multi-transonic phenomena in black hole accretion disks and formation of shock waves as a consequence of these phenomena, have been studied by a number of authors (for further details and for references see, e.g., [4, 16, 17, 18, 19, 20, 21] ).
In this section, we outline the formalism for calculating the location of sonic points as a function of the specific flow energy E, the specific angular momentum λ and the polytropic index Γ [18, 20] applied to axisymmetric accretion. We assume that the accretion flow is described by a disk placed in the equatorial plane of a rotating astrophysical object, e.g., a Kerr black hole or a neutron star, of mass M. Specifying the metric to be stationary and axially symmetric, the two generators ξ µ and φ µ of the temporal and axial isometry, respectively, satisfy equation (2.30) and hence the quantities E = wu 0 and L = wu φ are constant along the streamlines. Given the equation of state of the fluid, the constants of motion E and L fully determine the accretion flow. It is convenient to introduce another constant
which is called specific angular momentum. It may be easily shown that the angular velocity Ω defined as
is expressed in terms of λ as
With the help of this equation, either from the normalization condition u µ u µ = 1 or directly from (3.2) with (2.10)-(2.12), we find
where, using the notation of [13, 22] , ∆ and B expressed in Boyer-Lindquist coordinates are
It is useful to introduce the particle accretion rateṄ which, owing to the particle number conservation, does not depend on the radial coordinate r. Besides assuming axial symmetry, we also assume that the disk thickness h is constant and the distribution of matter in the disk does not depend on the z-coordinate along the rotation axis 1 . We start from the expression
for the number of particles the worldlines of which cross a hypersurface Σ. Defining the hypersurface at rest as a cylinder of radius r and height h and by making use of the axial symmetry and the continuity equation (2.20) integrated over the disk volume, we finḋ
Using (2.12) we obtainṄ
Thus, the two conditionsṄ
together with the equation of state, fully determine the kinematics of the accretion disk. In other words, given the equation of state, e.g., in the form of (2.31), the metric and a set of parameters {λ, E,Ṅ/h}, the flow variables v ⊥ and c s may be determined as functions of r.
Acoustic horizon
In the axially symmetric flow, the acoustic horizon is a stationary circle of radius r h where, according to (2.15), the radial component of the flow experiences a transition from a subsonic to a supersonic region. As we shall shortly demonstrate, in our perfect polytropic gas model such a transition may be realized in three ways:
Smooth transition Both c s and v ⊥ and their derivatives are regular at the transition point. In this case, the transition point is called regular sonic point or simply sonic point. The points known in the literature as saddle-type or X-type critical points belong to this class. The isolated sonic points known as centre-type or O-type also belong to this class. The second and the third case are consequences of the idealization of assuming an irrotational inviscid perfect fluid. In reality, the divergences will be absent because one or more simplifications become invalid as v ⊥ approaches c s or at a shock. However, the mathematical divergences indicate that the corresponding divergent physical quantities, such as analogue surface gravity, may in a real physical situation be much larger than previously expected [23] .
Singular transition
To find solutions with at least one regular sonic point, we take the derivative of (3.10) and (3.11) with respect to r , which yields
SubstitutingṄ/n and u 0 from (3.10) and (3.11) and using (2.36), equations (4.1) and (4.2) may be written as a system of linear algebraic equations for w ′ /w and v
3)
Obviously, the determinant of the system vanishes at the acoustic horizon owing to (2.15). The system will have a regular solution at the horizon if and only if the right-hand sides of the two equations become equal at the horizon. In this case, the algebraic system (4. For a given λ, this inequality fixes the range of acceptable r.
Once we have r h and c s at the horizon, the constantṄ/h may also be fixed from equation (3.10) evaluated at the horizon. Equations (3.10) and (3.11) then determine the radial dependence of c s and v ⊥ . It is important to emphasize that this procedure determines only a subset of solutions to equations (3.10) and (3.11) (or equivalently (4.3) and (4.4)) which possess sonic points that satisfy the condition (4.5). Any other solution will have singular sonic points or no sonic point at all. This may be seen in figures 1 and 2 where two typical sets of solutions with different topology depending critically on λ are plotted for a fixed E. Solutions are expressed in terms of the so-called Mach number defined as the ratio M ≡ v ⊥ /c s . The curves crossing the M = 1 line are transonic and the crossing points are the location of the acoustic horizon. The plots also include the configurations that do not satisfy (4.5) at the acoustic horizon. The plots describe both wind and accretion, depending on the sign ofṄ or equivalently of v ⊥ . Each line on the plot represents wind ifṄ < 0 (v ⊥ > 0) or accretion ifṄ > 0 (v ⊥ < 0). The flow described by line (a) has an X-type sonic point. The flow marked by (b) has two branches, each passing an X-type and ending at a singular sonic point. An isolated O-type sonic point is marked by (c).
Obviously, a smooth flow will have at most one regular sonic point.. Hence, a smooth multitransonic flow is not possible. However, a multitransonic flow with two sonic points and a shock in between may be realized if discontinuous transitions between different lines are allowed.
The lines in the plots in figures 1 and 2 in general correspond to different constantsṄ/h and if the entropy is conserved, there is no way to jump from one line to another. However, instead of keeping the constant K fixed, we fixṄ/h and allow K to vary from line to line. In this way the jumps between the lines labelled by different K will be allowed at those points where the Rankine-Hugoniot conditions are satisfied.
The flows with singular sonic points, i.e., the points where v ′ ⊥ and c ′ s diverge, will formally have acoustic horizons with infinite surface gravity. This property is generic for inviscid flows [23] and the problem will not appear in a realistic fluid with viscosity. In our case, owing to the shock formation, the flow will actually never reach these points. We assume that a stationary accretion flow goes from infinity where it is subsonic to the first unstable orbit of the black hole. In the example depicted in figure 1 the flow represented by line (a) passes through a regular sonic point. If the Rankine-Hugoniot conditions are met, a jump from a supersonic to a subsonic regime will take place, provided the entropy of the subsonic flow is larger. Since K (a) < K (b) < K (c) , the entropy per particle σ, which increases with K according to (2.35), increases going from line (a) towards the point denoted by (c) and hence, a jump from (a) to (b) or to any of the closed loops inside loop (b) is possible. However, the only transition that will eventually result in a stable stationary flow will be a jump from (a) to the subsonic branch of (b). A flow with a similar transition from (a) to one of the closed loops will inevitably end up at a singular sonic point, and hence cannot remain stationary.
The exact location of the shock r sh for a particular flow configuration may be calculated using the Rankine-Hugoniot conditions (2.26)-(2.28) assuming that the outer flow is described by (a) and the inner flow by the subsonic branch of (b). The first two conditions (2.26) and (2.27) are trivially satisfied owing to equations (3.10) and (3.11). The particle number conservation (3.10) across the shock may be written as
where the subscripts 1 and 2 denote, respectively, the inner and outer boundary values at the shock andṄ
is a kinematic quantity the change of which across the shock depends on the change of v ⊥ and c s only. Hence, to make the particle number conserved, a discontinuity ofṄ is compensated by a corresponding discontinuity of K such that equation (4.8) holds. As a consequence, the entropy per particle σ being a continuous function of K is not conserved across the shock. The third Rankine-Hugoniot condition (2.28) may now be written as
− 1
and may be solved for r. In figures 3 and 4 we show the solutions for the accretion and wind, respectively, corresponding to the flows depicted in figures 1 and 2. The two possible locations of the shock are shown by vertical lines at r sh1 and r sh2 with arrows indicating the flow orientation. According to a standard local stability analysis [24] , one can show for a multitransonic accretion that only the shock formed in between the middle (indicated by (c) in figures 1 and 2) and the outer sonic point is stable. Hence, in our accretion example in figure 3 , the shock at r sh2 is stable and the one at r sh1 is unstable.
Acoustic metric and causal structure
The geometric aspects of the axially symmetric accretion are conveniently described in terms of the acoustic metric defined by (2.13) and the metric discriminant D defined by (2.16). In figure 5 we plot the components of the metric tensor as functions of r calculated using equation (2.13) for the transonic accretion flow represented by the solid line in figure 3 and similarly in 6 for the transonic wind of figure 4. For the same flow configurations depicted in figures 3 and 4 we also plot D as a function of r in figures 7 and 8, respectively. Clearly, D is positive (negative) in the subsonic (supersonic) region. Acoustic horizons are located at the points where the discriminant changes its sign. Depending on the slope of D at these points passing in the direction of the flow, we call them acoustic black hole (if the slope is descending) or white hole (if the slope is ascending) horizons. Indeed, for both the multitransonic accretion ( figure 3) and the wind (figure 4) , the flow at the inner and the outer sonic points denoted by r h1 and r h2 , respectively, goes from subsonic to supersonic; so, according to the classification of Barceló et al [25] , there we have acoustic black hole horizons. At the discontinuity r sh1 or r sh2 the flow goes from supersonic to subsonic and figure 4 with a shock at r sh1 . hence observers in the subsonic region of the accretion (between r h1 and r sh2 in figures 3 and 7 ), and of the wind (between r sh1 and r h2 in figures 4 and 8) experience a white hole.
In figures 7 and 8 we also plot the metric component G 00 as a function of r (represented by the dashed line). The point r 0 where G 00 changes its sign is the radius of the stationary limit surface and the boundary of the acoustic ergo region.
In order to study the causal structure of the axially symmetric acoustic geometry let us introduce retarded and advanced radial null coordinates u and w, respectively. We first make a transformation to the acoustic corotating frame by eliminating the term G 0φ dtdφ from the acoustic metric. This is achieved by transforming φ to φ ′ as
with the remaining coordinates unchanged. This yields the acoustic metric
where G
with all remaining components of the acoustic metric unchanged. We then make the transformation .
The acoustic metric at constant φ ′ is then given by
The functions t = t(r) at constant u or constant w, obtained by integrating
represent respectively the right-moving and left-moving sound rays or null-rays [25] . In figures 9 and 10 we plot the u = const and w = const lines for the accretion of figure  3 and the wind of figure 4. The divergence of lines at the acoustic horizons towards t = −∞ demonstrate an acoustic black hole. Since the transition from a supersonic to a subsonic region is discontinuous at the shock, the lines have a cusp pointing in the direction of positive t. If the transition at the shock were smooth, the null lines would diverge towards t = +∞ as in the white-hole example of Barceló et al [25] . Hence, the cusp indicates a white hole.
Surface gravity and Hawking temperature
One of the most interesting aspects of acoustic horizons is the existence of a surface gravity and the associated Hawking radiation. To calculate the analogue surface gravity, we need 
The second equation is obtained by eliminating w ′ /w from (4.3) and (4.4) and taking the derivative with respect to r of the equation thus obtained at the horizon. We find
Equations (6.1) and (6.2) can now be easily solved for c ′ s and v ′ ⊥ . The analogue surface gravity may then be calculated using [8] 
where it is understood that the derivatives and the quantity χ µ χ µ are to be taken at the horizon. The corresponding Hawking temperature T AH = |κ|/(2π) represents the temperature as measured by an observer near infinity. The norm of the Killing vector
is given by [8] 
We plot the ratio of the analogue Hawking temperature T AH to the black hole Hawking temperature T H at the inner and outer horizons as a function of the black-hole specific angular momentum a ( figure 11 ) and of the disk specific angular momentum λ ( figure 12 ). The solid and dashed lines represent the two topologies of figures 1 and 2, respectively. However, whereas the inner and the outer acoustic horizons for the topology of figure 1 belong to the same multitransonic flow connected by a shock (the typical configuration depicted in figure  3 ), the horizons for the topology of figure 2 belong to disconnected transonic flows marked by (a) and (b) in figure 2 . Amazingly, the analogue surface gravity is smooth at the topological transition point. Note that the analogue Hawking temperature T AH of the outer horizon is much lower than the temperature T AH of the inner horizon, which in turn is, although close in magnitude, typically lower than the black hole Hawking temperature T H . This is due to the relatively low specific energy E = 1.01, barely exceeding the rest mass. For a range of larger values of E , e.g., close to 2, the temperature T AH would exceed T H as in the spherically symmetric accretion [3, 6] . However, we have found that in this range of large specific energies a multitransonic behaviour is absent.
Calculation of the surface gravity at the shock is not possible in the present model with no viscosity. The shock may be viewed as a boundary separating two phases of the fluid. The equation of state, and hence the sound speed, as well as the radial component of the fluid velocity, in each phase are different and exhibit discontinuity at the boundary. As a consequence, the surface gravity and the associated Hawking temperature at the shock will be formally infinite. However, in a more realistic situation, the phase boundary, owing to viscosity, will have a finite thickness and discontinuities will be smoothed out. The gradients of v ⊥ and c s will actually be finite but possibly very large. A similar situation occurs in a non-relativistic acoustic setup in which the boundary of a stable-phase bubble propagates in the surrounding metastable phase [26] and in the 3 He-A superfluid where a superluminally moving domain wall soliton provides an analogue event horizon [27, 28] .
Conclusions
In this paper we have studied the phenomena related to the acoustic geometry of the axially symmetric accretion flow. We have discussed the formation of the shock and acoustic horizons using a general relativistic formalism in a model of the flow based on a perfect polytropic gas. We have found that a multitransonic flow can form with two sonic points and a shock in between. Null curves depicted in figures 9 and 10 clearly demonstrate the presence of the acoustic black hole at regular sonic points and of the white hole at the shock.
Multitransonic accretion happens for a range of values of the specific energy density not much exceeding the rest mass. The analogue Hawking temperature of the inner horizon, calculated for a typical set of physical parameters, is lower but close in magnitude to the black-hole Hawking temperature. However, at the middle horizon that forms at the shock location, the surface gravity is formally infinite owing to discontinuities in the speed of sound and the radial velocity. We expect that in a realistic fluid with viscosity, discontinuity will be removed and replaced by a steep slope resulting in a finite but possibly very high analogue Hawking temperature.
